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It is shown that in a O-sum Boolean weighted graph G the sum of the weights 
taken over all the spanning trees equals the sum of the weights taken over all the 
perfect matchings in the graph G - 1’. where ~1 is any vertex of G. Several related 
theorems are proved which include parity results on perfect matchings and 
spanning trees in Eulerian graphs. The ideas on perfect matchings in O-sum Boolean 
weighted graphs are generalized to matchings in any Boolean weighted graph. 
1. INTR~OUCTION 
Consider any graph G, possibly with loops and multiple edges, and any 
Boolean ring B. A Boolean weight function w is a mapping from the set of 
edges of G into B. Let H denote a subgraph of G. Then w can be extended to 
any subgraph of G by defining w(H) as the product of the weights on the 
edges of H. A O-sum Boolean weighting is a weight function such that for 
each vertex the sum of the weights on edges incident to it is zero. In 
particular, weights on the loops are counted once not twice. 
A matching M in G is a set of vertex disjoint edges. A matching may 
include loops. A perfect matching is a matching which spans the vertices. A 
perfect matching mod v is a matching which spans all the vertices but v. 
In this paper we prove several theorems on matchings and spanning trees 
of Boolean weighted graphs. In Section 2 it is proved that the sum of the 
weights over the perfect matchings in a O-sum Boolean weighted graph G is 
zero. The main theorem asserts that the sum of the weights over the spanning 
trees of G equals the sum of the weights over the perfect matchings mod v 
where u is any vertex of G. These theorems are applied in Sections 3 and 4 
to obtain results on Eulerian graphs and rooted spanning forests. The ideas 
on perfect matchings in O-sum Boolean weighted graphs of Section 2 are 
generalized in Section 5 to matchings in any Boolean weighted graph. 
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2. PERFECT MATCHINGS 
In this section we prove two main theorems, obtain a result on graphs with 
an even number of vertices, and derive a relationship between the 
enumeration of spanning trees and the enumeration of perfect matchings. 
THEOKEM 2.1. Let w be a O-sum Boolean weighting of a graph G and let 
.P be the set of perfect matchings of G. Then 
\’ w(P) = 0. 
PE ‘ 
THEOREM 2.2. Let F- be the set of spanning trees of a graph G. and let 
,<, be the set of perfect matchings mod P for I’ a vertes of G. Then, 
\‘ w(P) = \’ w(T), 
PE f, IT 
krhere w is a O-sum Boolean weighting of G. 
We first prove Theorem 2.1. Let D = (E’, V} be the directed graph 
obtained from G = (E. V} as follows. Direct the loops arbitrarily assigning 
then the same weight as in G. Replace each link e E E with two edges e, and 
e,. (A link is an edge which is not a loop.) Direct e, and ez in opposite 
directions and assign the weight w(e) to both e, and e2. Let A,,, = (aij)nxn be 
the vertex adjacency matrix for the weighted digraph D. That is 
aij = 
0 if there is no edge joining oi and v,~, 
sum of the weights on all edges with tail ~1~ and head L’~ 
(including the case i =j for a loop). Since w is a O-sum weighting, 
c aij = 0; j = 1 , 2 ,... , n, 
i-l 
which implies det A,. = 0. Since w is a Boolean weighting we also have 
Per A, = c aIn,,, +.. a,,,,,, 
x 
=x (sign n) ul,,I,az,,l, .-. anxrn, = det A,, 
(where the summation is taken over all permutations of 1, 2,..., n) implying 
Per A )I, = 0. (2.1 ) 
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Let C denote the collection of all subgraphs of D which consist of the 
union of vertex disjoint directed circuits which span the vertices of D. It 
follows from the definition of the permanent that 
Per A ,,, = 1 w(c). 
c E c 
For further explanation see [ 1, p. 1461. 
Let U denote the collection of all subgraphs of G which consist of the 
union of circuits and edges which are vertex disjoint and span the vertices of 
G. For HE U let o(H) denote the number of circuits in H which are not 
loops. Note that H corresponds to a perfect matching in G if and only if 
a(H) = 0. Every undirected circuit in G which is not a loop corresponds to 
two directed circuits in D; every loop in G corresponds to a loop in D; every 
link in G corresponds to a directed circuit of length 2 in D. In each case the 
directed circuits of D have the same weight as the corresponding elements of 
G. In the last case the directed circuit of length 2 has weight x2 if x is the 
weight of the corresponding link of G. Note that the Boolean property x’ = x 
is used. It follows that 
x w(c) = \’ y”“,,@f) = x w(H)= x w(p). 
(.EC HE1 olN)-O PE t’ 
But by (2.1) and (2.2) 
\’ w(c) = Per A ,,, = 0. 
CEC 
Therefore &,,,. w(P) = 0 as asserted in Theorem 2.1. 
To prove Theorem 2.2, consider the matrix AL, obtained from A,, by 
deleting the row and column corresponding to vertex V. Using an analogous 
argument to that used in the proof of Theorem 2.1 it follows that 
det(AL.) = Per(Ai.) = r w(P). 
PE 9, 
The matrix A:, is in the form of the Matrix-Tree Theorem with weights. For 
that theorem states that CTEK w(T) is the determinant of any principal minor 
of D,, the weighted degree-minus-adjacency matrix. The ij entry of D, is 
negative the sum of weights on edges joining ui and vi. In Mod 2, this is 
exactly as in the matrix A w. The ii entry of D, is the sum of the weights on 
all the edges joining vi and other vertices. For a O-sum Boolean weighting, 
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the sum of the weights on loops at ui equals the sum of weights on edges to 
other vertices. Thus for O-sum Boolean weightings, A,,. = D,,.. It follows that 
det(A :;.f = 1 w(T). 
TO- 
This proves Theorem 2.2. For details about the Matrix-Tree Theorem and 
other matrix-tree theorems, see [ 3.4 1. 
Theorem 2.1 is actually a special case of Theorem 2.2. Let G be the graph 
obtained from G by adding a vertex, say ti, and joining it with an edge, say e^, 
to a vertex v of G, giving e” weight zero. Let d be the set of spanning trees of 
G. By Theorem 2.2 
But w(T) = 0 for all spanning trees T E g since w(E) = 0, implying Theorem 
2.1. 
Theorem 2.2 has various implications. For example, a listing of the 
spanning trees of G can be obtained from the perfect matchings of an 
associated graph as follows. Let the edges of G be e, , e, ,..., e,?. Assign the 
indeterminate Boolean weight ?ci to edge e;, that is, set w(e,) =xi. At each 
vertex c’ add a loop l,, and set w(l,,) equal to the sum of the weights over all 
the edges incident with U. Call the resultant graph G’. Clearly the weighting 
w extended to G’ in this way is a O-sum Boolean weighting of G’. Let GI, be 
the graph obtained from G’ by deleting the vertex u and all incident edges. 
Let ,-a:. be the set of perfect matchings of G:.. It follows from Theorem 2.2 
that the spanning trees of G correspond to the terms of the polynomial 
ip(x, ) Xl )..., x,) = y- w(P). 
PE t’,’ 
Conversely a listing of the perfect matchings of G can be obtained from 
the spanning trees of an associated graph as follows. Set w(ei) = .yi. Add a 
vertex u,, and join u,, with an edge e,. to every vertex L’ of G. Set w(e,.) equal 
to the sum of the weights over all the edges incident with L’ in G. If G 
contains loops, add a loop at r0 giving this loop a weight equal to the sum of 
the weights over all the loops in G. Call the resultant graph G”. Clearly the 
weighting w extended to G” in this way is a O-sum Boolean weighting of G”. 
Let F” be the set of spanning trees of G”. It follows from Theorem 2.2 that 
the perfect matchings of G correspond to the terms of the polynomial 
Theorem 2.2 simplifies if G has an even number of vertices and no loops. 
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THEOREM 2.3. Let G be a graph having an even number of vertices and 
no loops. If B is the set of spanning trees and w  is a O-sum Boolean 
weighting of G, then 
\‘ w(T) = 0. 
TEf~ 
This follows from Theorem 2.2 with the observation that there are no 
perfect matchings mod u in G for u any vertex of G since G contains an even 
number of vertices and no loops. 
3. EULERIAN GRAPHS 
In this section we prove the following three theorems about Eulerian 
graphs using the results of Section 2. The first of these is a special case of a 
theorem due to Little [ 21. We will assume all graphs in this section have no 
loops. 
THEOREM 3.1. The number of perfect matchings in an Eulerian graph is 
even. 
THEOREM 3.2. The number of spanning trees in an Eulerian graph G 
has the same parity as the number of perfect matchings mod v for any vertex 
L’. 
THEOREM 3.3. An Eulerian graph with an even number of vertices has 
an even number of spanning trees. 
Let G = (E, V) be an Eulerian graph without loops. Theorems 3.1-3.3 
follow immediately from Theorems 2.1-2.3 by giving each edge of G weight 
1. However, in order to prove more general results, Theorems 3.4-3.6, 
consider any partition of G into edge disjoint even subgraphs G, , Gz,..., G,, 
where an even graph is one with even degree at each vertex. Let a be any 
function mapping each of the subgraphs G, , G, ,..., G, into an element of a 
Boolean ring B. For e E E set w,(e) = a(G,$, where GiC, is the even subgraph 
containing edge e. It is immediate that w, is a O-sum Boolean weighting. By 
Theorems 2.1, 2.2, and 2.3 
\‘ w,(P)= 0, 
PE 1’ 
(3.1) 
(3.2) 
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and if the number of vertices of G is even, 
y- w,(T)=O. 
TEF 
(3.3) 
Now set a(Gi) = 1, i = 1, 2 ,..., k. We get w,(e) = 1 for all edges e which 
implies w,(P) = 1 for all P E 9 and ~~(7’) = 1 for all T E 6. Equations 
(3.1), (3.2), and (3.3) then imply Theorems 3.1, 3.2, and 3.3, respectively. 
Now set a(G,) equal to the Boolean indeterminate -yjr i = 1. 2,..., k. 
Comparing coefficients on either side of Eqs. (3.1)-(3.3) we get the following 
theorems: 
THEOREM 3.4. Let G be Eulerian and let G, , Cl,..., G, be defined as 
above. Then, the number of perfect matchings of G which meet ever] 
subgraph G, , G, ,..., G, is even. 
THEOREM 3.5. Let G be Eulerian and let G,, G?,..., G, be defined as 
above. Then, the number of spanning trees of G which meet every subgraph 
G, , G, ,..., G, has the same parity as the number of perfect matchings mod L 
which meet euery subgraph G, , G,,..., G,, where v is any vertex of G. 
THEOREM 3.6. Let G be an Eulerian graph having an even number of 
vertices and let G,, G, ,..., G, be defined as above. Then the number of 
spanning trees which meet every subgraph G,, G2,..,, G, is even. 
4. ROOTED FORESTS 
A rooted forest in a graph G is the union of a set of vertex rooted trees of 
G which are vertex disjoint. Let w be a Boolean weight function and let .F 
be the set of spanning rooted forests of G. Suppose F ESr with edges E, 
and let r,, rz ,..., r,, denote the roots of the trees of F. Let ,8 denote the 
mapping from .F to B defined by 
where $(ri) is the sum of the weights over all the edges incident in G with 
root vertex r,. 
THEOREM 4.1. Let F be the set of spanning rooted forests of G and let 
.Y be the set of perfect matchings of G. Let w  denote any Boolean weight 
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function (not necessarily a O-sum weight function) and let /I be defined as 
above. Then 
s /3(F) = c w(P). 
Fe F PE.P 
Construct the graph G” = {E”, I”‘) from G = {E, I’} as in Section 2 by 
adding a vertex v,, and joining v, with an edge e, to every vertex v E V. Set 
,u(e,,) equal to the sum of the weights over all the edges incident with vertex 
1’. If G contains loops, add a loop at u0 giving this loop a weight equal to the 
sum of the weights over all the loops in G. Then w extended to G” in this 
way is a O-sum Boolean weighting of G”. Let g” be the set of spanning trees 
of G”. It is immediate that every spanning tree T in G” corresponds to a 
unique spanning rooted forest F in G and w(T) =p(F). By Theorem 2.2 
applied to the graph G” 
\‘ w(P)= \’ w(T) = x P(F), 
PE 8 TcF” FEF 
5. MATCHINGS 
The theorems of Section 2 deal with the perfect matchings in graphs where 
the sum of the weights at each vertex is zero. In this section, graphs with any 
Boolean weights on the edges are considered and sums are taken over 
general matchings. It will be shown that the theorems of Section 5 are 
equivalent to those of Section 2. 
Let G be a graph and let .A be the set of matchings of G, including the 
nul1 matching. For M E A, let EM denote the edges of h4 and V;, the set of 
vertices of G not covered by M. Given a Boolean ring B and a weight 
function w mapping the edges of G into B, define a function 6 mapping the 
set of matchings, X into B as follows: 
where Q(v) is the sum of the weights over all the edges incident in G with 
vertex c’. (A product over an empty set is taken to be 1.) 
THEOREM 5.1. Let A be the set of matchings of G and let 6 be defined 
as above. Then 
\‘ 6(M)= 0. 
ME R 
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At each vertex u of G add a loop 1 and call the new graph G’. Let w(l) 
equal the sum of the weights over all the edges incident with U. Then N’. 
extended to G’ in this way, is a O-sum Boolean weighting of G’ since the sum 
of the weights at each vertex is zero. Theorem 5.1 follows from Theorem 2.1 
since every perfect matching in G’ corresponds to a unique matching in G. 
Theorem 2.1 is a special case of Theorem 5.1 implying that these two 
theorems are equivalent. 
To obtain the analogue of Theorem 2.2 let .<, denote the set of matchings 
of G which do not cover the vertex ~3. Let E,,, be the set of edges of M E, 4. 
and let u(,, be the set of vertices different from t’ not covered by M. Let 6,. 
denote the mapping from .J, to B defined by 
where r&u) is the sum of the weights over all the edges incident in G with 
vertex 21. 
THEOREM 5.2. Let 4, be the set of matchings of G not covering the 
vertex v and let B be the set of spanning trees of G. Let w be any Boolean 
weight function and let 6,) be defined as above. Then 
\‘ 6,(M) = “ w(T). 
41E u,. -;;--- 
Let G’ be as in the proof of Theorem 5.1. Theorem 5.2 follows from 
Theorem 2.2 with the observation that every perfect matching mod L’ in G’ 
corresponds to a unique matching in G which does not cover U. Since 
Theorem 2.2 is a special case of Theorem 5.2, these theorems are also 
equivalent. 
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